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Abstract

Frozen Calogero–Moser–Sutherland dynamics are transformed, in the asymptotic regime of high inverse temperature, into
deterministic particle dynamics of reciprocal, boundary, interval, and cotangent type. Near-collision initial conditions
make the explicit integration difficult since the particle variables keep their denominators, namely, (xi − xj)

−1 and
(xi +xj)

−1, throughout the initial layer of separation. Residue-cancellation-based polynomial integration (RCPI) computes
the coefficients of the monic root polynomial instead of computing the singular drift explicitly at each step of integration.
The computation is done for the Hermite, Laguerre, compact Jacobi, non-compact Jacobi, and torus cases, employing four
six-particle starts at T = 0.35 and initial separations down to 4 × 10−4. The finite-dimensional system of coefficients
arises from the inverse heat, inverse Bessel-heat, inverse Jacobi-type, and torus operators. The roots are validated by
maximum root discrepancy, closure residual, radial growth, interval confinement, and circular spacing. In the case of the
Hermite, Laguerre, compact Jacobi, and torus computations, the discrepancy of the final roots from the direct singular
ODE integration falls between 5.11× 10−15 and 3.06× 10−14 while the evaluations of the right-hand side have been saved
by a factor ranging from 3.02 to 23.80. The values demonstrate that the potential near-collision singularity is stripped
away from the time integration process once the residue cancellation is stated in terms of the polynomial coefficients.

Keywords: Calogero–Moser–Sutherland systems; root polynomial dynamics; freezing limits; inverse heat operators;
coefficient propagation; near-collision

1. Introduction

Calogero–Moser–Sutherland dynamics represent one of the conventional links between exactly solvable many-body systems,

eigenvalue motions of random matrices, Dunkl analysis, and multivariate special functions. Calogero derived one classical

integrable many-body system [1]. The structure of Sutherland was developed for the corresponding one-dimensional

quantum many-body system [2]. Dyson constructed one stochastic eigenvalue process where repulsion prevents collisions [3].

Further, the stochastic analysis of interacting Brownian particles made the connection with the limiting behavior of random

matrices [4]. Dunkl discovered the differential-difference operators with respect to reflection groups [5]. Special Hermite

polynomials made the connection between these operators and heat equations [6]. The corresponding Markov processes

provided the connection with stochastic processes related to the corresponding Dunkl operators [7]. Subsequently, the

Dunkl process was defined on root systems [8]. The log-gas theory provided the unification of these interacting particles

within the framework of the beta ensemble [9]. The Bessel process theory additionally provided the link of the Dyson model

with non-collision diffusion [10]. In the Laguerre family, eigenvalues could be represented by non-collision squared Bessel

processes [11]. Beta Jacobi processes represent the corresponding compact interval diffusion processes [12]. The theory of

random matrices puts the examples like Wishart and MANOVA into one framework of eigenvalues [13].

The freezing limit extracts the deterministic skeleton of these models. The analysis of type-A interacting particles

directly connected the Dunkl intertwining and the freezing behavior [14]. Another work discovered two limiting regimes of

interacting Bessel processes [15]. After appropriate scaling according to the inverse temperature parameter, the Brownian

part disappeared and the limiting trajectories were governed by a singular ordinary differential equation on an ordered

chamber, half-line chamber, compact interval, non-compact chamber, or circle. The appearance of these singular terms was

not accidental. It encoded the collision prevention, the repulsion at endpoints, and the circular spacing. The electrostatic

repulsion systems provide the results of existence of interacting diffusions [16]. The strong solution theory provides the

non-collision property for many particle systems [17]. The freezing differential equations of CMS have been analyzed in

the root system families [18]. The unified approach also reveals the corresponding special solutions and their orthogonal



polynomial zeros [19]. The Hermite and Laguerre ensembles have explicit asymptotics in large β [20]. The multivariate

Bessel processes are governed by limit theorems in the freezing regime [21]. Central limit theorems also provide the

information about the fluctuations of high inverse temperature [22]. The polynomial martingales encode observables that

remain consistent with these limits [23]. The Jacobi processes have also the Wigner- and Marchenko–Pastur-type limits [24].

Generally, the CMS particle models allow a unified framework of their limits in several geometries [25].

The near-collision initiates the direct ODE solver with the first task of resolving an initial repulsion layer caused by

(xi − xj)
−1, (xi + xj)

−1, (1− xixj)/(xi − xj), and cot((xi − xj)/2). The exact trajectory goes immediately into the interior,

but the particle coordinate formula keeps revealing the solver to singular denominators. The calculation below uses the

vector of coefficients of the root polynomial as the time-dependent variable and tests whether the obtained roots coincide

with the direct integration of singularities while keeping the identities inherent to each model.

The residue-cancelled polynomial integration, shortly RCPI, maps the coefficients of the monic polynomial having the

zeros equal to the particles. The inverse heat equation in the Hermite case, the inverse Bessel-heat equation in the Laguerre

case, the inverse Jacobi-type equations in the compact and non-compact cases, and the diagonal torus coefficient equation

all keep the degree of the polynomials constant. Therefore, the polynomial equation becomes the finite-coefficient system.

The root extraction is done at observation times and checked by the closure residual, the exact radial identity, the interval

containment, and the circular spacing.

The four deterministic six-particle starts are advanced to T = 0.35. They are not equilibrium configurations. The

Hermite, Laguerre, compact Jacobi, and torus starts have the minimum initial separation of 5× 10−4, 4× 10−4, 5× 10−4,

and 10−3, respectively. These numbers put the direct particle equations in the most expensive early-time regime while

keeping all the initial coordinates, final roots, residuals, and invariant checks reportable in full.

The construction presented in Figure 1 follows the actual calculation: ordered particles define model-specific monic

polynomials, their coefficients evolve under the inverse operators, and final particle positions are obtained via root extraction.

The singular pairwise terms are missing during the coefficient integration and appear only via the recovered roots.

Figure 1: Root-polynomial encoding used by coefficient propagation.

The panel of Figure 1 keeps the three objects used throughout the calculation: the ordered particle vector, the monic

polynomial, and the recovered root set. The endpoint comparison at T = 0.35 tests the numerical root recovery rather than
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a symbolic identity alone.

The polynomial relations used here are based on the classical zero characterization of Hermite, Laguerre, and Jacobi

families [26]. The inverse heat-type identities and the frozen CMS equations provide the corresponding coefficient flows [19].

This calculation gives the accuracy of roots, operator residuals, configuration results, and invariants for explicitly specified

near-collision cases, thus checking the correctness of the polynomial root assignment numerically.

2. Frozen CMS equations and polynomial operators

The construction uses five frozen particle families. The Hermite model is posed on the type-A Weyl chamber

CA
N = {x ∈ RN : x1 ≤ x2 ≤ · · · ≤ xN} (1)

and is governed by

ẋi(t) =
∑
j ̸=i

1

xi(t)− xj(t)
, i = 1, . . . , N. (2)

It is the deterministic freezing limit of Dyson-like Brownian motion with the inverse temperature scaling having already

stripped off the stochastic component. The unique self-similar solution is x(t) =
√
2t z, where z1 < · · · < zN are the ordered

roots of the Hermite polynomial HN . The quadratic relation

∥x(t)∥2 = N(N − 1)t+ ∥x(0)∥2 (3)

offers an immediate verification of computed orbits. In the centered case, convergence to the Hermite root solution occurs

after a normalizing map in terms of time-dependent radius and exponential contraction in angular variables. The stability

view point is in line with the usual dynamical systems analysis of flows close to attractive fixed points [27]. This is one

major justification of using the Hermite model as a good example for testing desingularized coefficient propagation.

The Laguerre model is posed on the type-B chamber

CB
N = {x ∈ RN : 0 ≤ x1 ≤ x2 ≤ · · · ≤ xN} (4)

and contains both pairwise repulsion and boundary repulsion at zero:

ẋi(t) =
∑
j ̸=i

(
1

xi(t)− xj(t)
+

1

xi(t) + xj(t)

)
+

ν

xi(t)
, ν > 0. (5)

The special self-similar solution is obtained from the ordered zeros of L
(ν−1)
N : if z

(ν−1)
1 ≤ · · · ≤ z

(ν−1)
N are these zeros and

y2i = z
(ν−1)
i , then x(t) =

√
2t y solves the frozen Laguerre equation. The norm identity

∥x(t)∥2 = 2N(N + ν − 1)t+ ∥x(0)∥2 (6)

plays an identical diagnostic function to equation (3). It is crucial that there be a square of the variable; otherwise, the

polynomial form is unstable for y = x2 and transforms the singularity at the boundary into a coefficient transport term.

The compact Jacobi model is posed on

AN = {x ∈ RN : −1 ≤ x1 ≤ x2 ≤ · · · ≤ xN ≤ 1} (7)

with parameters p, q > N − 1 and drift

ẋi(t) = (p− q)− (p+ q)xi(t) + 2
∑
j ̸=i

1− xi(t)xj(t)

xi(t)− xj(t)
. (8)

The stationary point is the vector of zeros of the Jacobi polynomial P
(q−N,p−N)
N on [−1, 1]. In contrast to the Hermite and

Laguerre models, the compact model is asymptotically stationary, not self-similar. A convenient coordinate transform is

xi = cos τi, under which the dynamics becomes a gradient system in trigonometric coordinates. The speed of convergence in

those coordinates is determined by

c =
p+ q + 2min(p, q) + 2− 2N

4
, (9)

which is positive with respect to the given condition on parameters. This is a weaker computational criterion compared to

the triangular coefficients of the Hermite and Laguerre expansions, but it is crucial from the point of interpretation of the

asymptotic compactness of the Jacobi expansion.
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The non-compact Jacobi expansion is related to Jacobi polynomials and hypergeometric functions corresponding to root

systems [28]. Stochastic counterpart of the Jacobi expansion is a member of Heckman–Opdam Markov processes family [29].

The expansion is defined on

CN = {x ∈ RN : 1 ≤ x1 ≤ x2 ≤ · · · ≤ xN} (10)

and is governed by

ẋi(t) = (q − p) + (q + p)xi(t) + 2
∑
j ̸=i

xi(t)xj(t)− 1

xi(t)− xj(t)
. (11)

Due to its algebraic similarity with the compact Jacobi drift, the model under discussion is also applicable to the coefficient-

operator technique. However, the asymptotic dynamics of the system is distinguished by the fact that, unlike the compact

system, the non-compact model is characterized by hyperbolic growth.

The torus model is most naturally stated in angular variables on

CN = {x ∈ RN : x1 ≤ x2 ≤ · · · ≤ xN ≤ x1 + 2π}, (12)

where the frozen equation is

ẋj(t) =
∑
l ̸=j

cot

(
xj(t)− xl(t)

2

)
. (13)

For polynomial transport it is preferable to use wj(t) = eixj(t). Then the equation becomes

ẇj(t) = −(N − 1)wj(t)− 2
∑
l ̸=j

wj(t)wl(t)

wj(t)− wl(t)
. (14)

Stochastic models for such a periodic structure are formed by non-intersecting Brownian motions on the circle [30]. Angular

momentum is preserved, and all trajectories evolve to the same equally spaced arrangement of particles on the circle with

equal angular momentum center. The contraction estimate

∥x(t)− x̃(t)∥ ≤ e−Nt/2 ∥x(0)− x̃(0)∥ (15)

holds for solutions with identical angular sums, after the natural chamber convention is fixed.

Table 1: Frozen equations and polynomial operators.

Model Domain Polynomial representation Operator equation

Hermite CA
N ⊂ RN P (t, z) =

∏N
i=1(z − xi(t)) Pt = − 1

2
Pzz

Laguerre CB
N ⊂ [0,∞)N P (t, z) =

∏N
i=1(z

2 − xi(t)
2) Pt = −

(
1
2
Pzz +

ν−1/2
z

Pz

)
Compact Ja-
cobi

AN ⊂ [−1, 1]N P (t, z) =
∏N

i=1(z − xi(t)) Pt = −{(1 − z2)Pzz + [(p − q) + (2N − 2 − p −
q)z]Pz} −N(p+ q −N + 1)P

Non-compact
Jacobi

CN ⊂ [1,∞)N P (t, z) =
∏N

i=1(z − xi(t)) Pt = −{(z2 − 1)Pzz + [(2N − 2 − p − q)z − (q −
p)]Pz}+N(p+ q −N + 1)P

Torus wj ∈ T P (t, z) =
∏N

j=1(z − wj(t)) Pt = z2Pzz − (N − 1)zPz

The operator parameters listed in Table 1 define the full computational problem. In each line of the table, both the

singular particle differential equation and the polynomial of fixed degree that is used for time evolution are specified. This

double specification ensures clarity in whether drift terms are kept or dropped, including the Laguerre boundary, Jacobi

compact potential, and diagonal torus action terms.

3. Coefficient integration for residue cancellation

Let P (t, z) be a monic polynomial of degree N where the zeros represent the particle state. The desingularization technique

relies on the coefficient vector

P (t, z) =

N∑
m=0

am(t)zm, aN (t) = 1. (16)

Instead of solving the singular particle ODE directly, RCPI solves

d

dt
a(t) = Mθa(t), (17)

with Mθ being the finite-dimensional linear coefficient operator arising from the appropriate polynomial operator and θ

being the model parameters. The particle configuration is found by root finding only after the coefficients have been evolved
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using the flow equation. Because (17) is a linear and finite-dimensional equation, the process may be understood as the

evolution of the initial polynomial under the semigroup etMθ .

For the Hermite model, substituting (16) into Pt = − 1
2Pzz yields

a′m(t) = −1

2
(m+ 2)(m+ 1)am+2(t), 0 ≤ m ≤ N − 2, (18)

with a′N−1(t) = a′N (t) = 0. This is a two-step recurrence that is triangular in the monomial basis. The triangular structure

accounts for the reason why Hermite test uses few coefficients to evaluate. With exact computation, the coefficient of zm

depends only on coefficients of the same parity and with higher degree, with the leading coefficient being fixed.

In the case of the Laguerre scheme, the variable that ensures stability of coefficients is y = z2. Let

Q(t, y) =

N∏
i=1

(y − xi(t)
2) =

N∑
m=0

bm(t)ym, (19)

the inverse Bessel-heat equation becomes

Qt = −2yQyy − 2νQy. (20)

The coefficient flow is therefore

b′m(t) = −2(m+ 1)(m+ ν)bm+1(t), 0 ≤ m ≤ N − 1, (21)

with b′N (t) = 0. The system is triangular with one step, and the parameter ν occurs as a simple multiplier of linear coefficients

only. Such formulation is especially handy when checking sensitivity to the repulsion from zero.

For the compact Jacobi scheme, define

A = p− q, B = 2(N − 1)− (p+ q), C = N(p+ q −N + 1). (22)

Figure 2: Polynomial coefficient couplings.

The coefficient flow generated by the compact Jacobi operator is

a′r(t) = − [(r + 2)(r + 1)ar+2(t) +A(r + 1)ar+1(t) + {Br − r(r − 1)}ar(t)]− Car(t), (23)
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provided that as(t) = 0 for s > N . The system is not triangular but banded due to the interaction of second derivatives,

first derivatives, multiplication by z, and the potential part. However, the top coefficient is a constant since the coefficient in

front of aN is zero. This cancellation is an essential algebraic condition: without it, the polynomial degree would not be

preserved and the root representation would not stay within a fixed particle number.

For the non-compact Jacobi model, the same construction gives the sign-adjusted coefficient flow

a′r(t) = (r + 2)(r + 1)ar+2(t) + (q − p)(r + 1)ar+1(t)− {r(r − 1) +Br}ar(t) + Car(t), (24)

with missing coefficients being treated as zeros. This equation is presented since the case of the non-compact set falls under

the same algebraic framework, even though the numerical computations which follow concentrate on the Hermite, Laguerre,

compact Jacobi, and torus cases, where comparison with reference behavior is more obvious.

For the torus equation in w-coordinates, the coefficient flow is diagonal:

a′m(t) = m(m−N)am(t), 0 ≤ m ≤ N. (25)

Consequently, each elementary symmetric coefficient is scaled by a simple exponential term. This diagonal scaling pattern

gives the torus model the most elegant coefficient transfer structure of all, despite requiring delicate circular angle matching

for root recovery along the unit circle.

The finite-dimensional operator structure is illustrated in Figure 2. This figure distinguishes between the two-step

Hermite recursion, the one-step Laguerre recursion in the squared variable, the banded Jacobi coefficient system (both

compact and non-compact), and the torus flow (diagonal). These structures explain why the time integration can be done

without singular pairwise denominators.

The coefficient atlas in Figure 2 will explain the ranking found in the computational cost results below. Triangular sparse

transport should have low costs; banded Jacobi transport will be more costly; and torus transport localizes the angular

singularity into a single coefficient factor.

Proposition 3.1. The equivalence between coefficient transport and particle motion If P (t, z) is a monic polynomial with

distinct roots in the relevant chamber, alcove, half-line chamber, non-compact chamber, or torus coordinate space, and P

solves the relevant operator equation in Table 1, then the roots solve the relevant frozen particle equation. Moreover, if there

exists a smooth interior solution of the particle equation, then the polynomial with these roots solves the operator equation.

Proof. The proof is a residue-cancellation argument. In the Hermite, compact Jacobi, and non-compact Jacobi cases write

P (t, z) =
∏N

i=1(z − xi(t)) and Pi(t, z) = P (t, z)/(z − xi(t)). Since P (t, xi(t)) = 0, differentiation gives

0 = Pt(t, xi(t)) + Pz(t, xi(t))ẋi(t), (26)

and therefore ẋi(t) = −Pt(t, xi(t))/Pz(t, xi(t)). Substituting the operator equation for Pt reduces this quotient to a

logarithmic derivative of Pi at the root. The identity

P ′
i (t, xi(t))

Pi(t, xi(t))
=

∑
j ̸=i

1

xi(t)− xj(t)
(27)

and then obtains the repulsion term. The terms involving the Jacobi functions (1 − x2
i ) and (x2

i − 1) can be greatly

simplified due to the fact that 1− x2
i or xixj − 1 is related to 1− xixj via algebraic identities. The result for the Laguerre

polynomials comes out from the same considerations, when one considers the function Q(t, y) =
∏N

i=1(y − xi(t)
2) and takes

the logarithmic derivative in the square variable. For the torus one simply substitutes xi → wi = eixi in the formula and

applies the same cancellation to P (t, z) =
∏

j(z−wj(t)). The converse implication is obtained by differentiating the product

formula for the polynomial and reversing the calculation.

The calculation of RCPI turns the initial values into monic polynomial coefficients, advances them via the linear system

from the model, and computes the final roots. Line and interval roots are sorted by their real values, while torus roots are

transformed into angles in the range [0, 2π) and matched under rotations. Root extraction of high-degree polynomials can

still be ill-conditioned, but not the reciprocal and cotangent drifts anymore.

To monitor consistency, the study uses the normalized closure residual

RM (t) = max
ζ∈ΞM

|Pt(t, ζ)− LθP (t, ζ)|
1 + |Pt(t, ζ)|+ |LθP (t, ζ)|

, (28)

where ΞM is the given set of complex collocation points and Lθ is the operator involved. When the coefficients are solved

exactly, the operator residual is zero. In the floating-point case, it reflects how well the coefficient vector solves the polynomial

operator equation at machine precision. It is separate from root error since a small operator residual is not sufficient to

ensure accurate recovery of all polynomial zeros for large N .
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4. Algebraic and geometric checks

Not only numerical consistency at a fixed point can serve as a criterion for validity of the coefficient method. It is necessary

to confirm that the desingularized representation satisfies all algebraic and asymptotic invariants characteristic of the

particle system. The Hermite norm identity (3) and the Laguerre norm identity (6) provide an analytic check since they

impose the exact law of growth of the squared radius of a Euclidean ball. By applying the corresponding identity after root

extraction, one may compare the obtained value with the formula for the initial state. The value of such check is that it

tests simultaneously the coefficient evolution algorithm and the root extraction step. If the former is implemented correctly

but the latter produces a cluster of roots belonging to some wrong branch, the check will probably reveal the discrepancy.

For the compact Jacobi system, the test does not concern the radial growth but is related to the confinement and

attraction properties. The polynomial roots have to stay within the interval [−1, 1], maintain their order after sorting and

converge towards the stationary Jacobi-zero configuration corresponding to P
(q−N,p−N)
N . This gives the threefold analytical

test: boundedness in the compact alcove, positive separation for t > 0 and decreasing distance to the stationary Jacobi-zero

vector in the trigonometric metric defined by xi = cos τi. The potential term cannot be dropped from the coefficient operator

since the degree of the polynomial stays N and the root process takes place in the compact interval. The removal of that

term is not an insignificant simplification but leads to violation of the finite-dimensional closure and the relation between

root motion and inverse Jacobi heat flow.

The verification process in case of the torus system is cyclic rather than linear. The roots of the polynomial have to stay

near the unit circle, the angular barycentre has to be preserved modulo 2π and the separations have to get close to the equal

spacing. The root extraction process has to be done using the circular matching rather than the usual sorted Euclidean

matching. The exponential contraction formula (15) indicates that the near collision pair has to separate quickly, and the

state will become a regular polygon afterwards. The coefficient method that reproduces the solution but loses the unity

modulus will be algebraically wrong; in the computed final state, the angular root state will be correct with respect to the

torus geometry.

The determinantal identity provides the second check. It proves that the very same polynomial propagating under

RCPI is the polynomial entering the expectation formulas for normalized multivariate Bessel and Jacobi processes. This

is important because the frozen ODEs are not the independent systems but the limiting skeletons of certain stochastic

processes. Even if a numerical method computes the trajectory of the system, it does not guarantee the preservation of the

observable polynomial that enters the martingale identities. The coefficient propagation method is immune to that since it

exactly propagates the polynomial solution entering the expectation identities.

The checks are based on explicit formulas. The Hermite and Laguerre identities prescribe the law of radial growth; the

compact Jacobi operator imposes the interval confinement and the potential term; the non-compact Jacobi operator imposes

the sign change and the hyperbolic chamber; and the torus equation prescribes the circular ordering and angular barycentre.

The results presented in this paper can be obtained from these formulas and the initial data in Table 2.

5. Six-particle starts at T = 0.35

Each run uses N = 6 particles and end time T = 0.35. The initial conditions are characterized by either a small separation

or near-boundary condition. For Hermite, there are two line particles separated by 5× 10−4. For Laguerre, there are two

positive particles separated by 4×10−4 near the reflecting boundary at zero. For the compact Jacobi, there is a near-collision

inside [−1, 1] along with near boundary particles. In the torus case, there are two angles separated by 10−3 on the circle.

Both the coefficient equation and the direct particle equation are solved using a high-order adaptive Runge–Kutta

integrator with relative tolerance 10−12 and absolute tolerance 10−14. This comparison is made using three values. First,

there is the maximum root discrepancy at the final time,

E∞(T ) = max
i

|xRCPI
i (T )− xODE

i (T )|, (29)

using circular angle matching for the torus case. Second, there is the final minimum separation, which shows that the final

configuration is an interior configuration. Third, there is the number of right-hand-side evaluations needed by the adaptive

integrator. Since the coefficient equations are linear and non-singular, they are expected to need fewer evaluations, but the

degree of the reduction will depend on the band structure of the coefficient operator and the root configuration.

The coordinates in Table 2 are fixed deterministic starts, with small distances making the direct particle solver calculate

singular drifts terms while RCPI calculates a nonsingular coefficient vector.

The arrangement of Figures 3 contains the same coordinates but in their natural domain. The panels with lines, half-lines,

intervals, and circles demonstrate the initially close pairs and their separated endpoint states as a result of coefficient

transport.
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Table 2: Near-collision starts.

Model Parameters Initial configuration

Hermite N = 6, T = 0.35 (−2.2000,−0.6000,−0.5995, 0.2500, 1.1500, 2.8000)

Laguerre N = 6, ν = 1.75, T = 0.35 (0.1000, 0.1004, 0.8000, 1.2500, 1.9000, 2.7000)

Compact Jacobi N = 6, p = 9.0, q = 7.5, T = 0.35 (−0.9200,−0.3500,−0.3495, 0.0500, 0.5500, 0.9200)

Torus N = 6, T = 0.35 Angular state (0.0200, 0.0210, 1.2500, 2.4000, 4.1000, 5.8000)

Figure 3: Initial and final particle locations.
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Location diagram in Figure 3 explains geometric sense of the four starts where the endpoint states are separated chambers,

half-line, interval, and circular geometries derived from corresponding coefficient equations.

6. Final roots, residuals, and solver effort

The key numerical results are reported in Table 3. Coefficient propagation matches singular ODE integration with nearly

machine precision for all considered tests. The maximum final absolute differences between the two approaches amount

to 7.22 × 10−15 for the Hermite test, 3.06 × 10−14 for the Laguerre test, 5.11 × 10−15 for the compact Jacobi test, and

1.42 × 10−14 for the torus test. The error is much smaller than the tolerances of time-integration procedure since both

methods calculate smooth interior dynamics for most of the interval and since the coefficient equations are exact equivalents

of particle equations.

Table 3: Final accuracy and solver cost.

Model RCPI evaluations Direct evaluations Evaluation ratio E∞(T ) ∆min(T )

Hermite 50 1190 23.80 7.22× 10−15 0.9728979702

Laguerre 230 1406 6.11 3.06× 10−14 0.6001981443

Compact Jacobi 482 1454 3.02 5.11× 10−15 0.2437599247

Torus 206 1466 7.12 1.42× 10−14 0.9519736399

The values in Table 3 provide an explicit measure of the comparison between the coefficient integral and the singular

particle integral. The final root errors are all still round-off, but in this case, the direct ODE solver evaluates between three

and nearly twenty-four times as many right-hand-sides. These ratios correspond to the structure of the operators: Triangular

Hermite transport is least expensive, Jacobi banding is more expensive, and diagonal torus transport does not have coupling

between coefficients.

The particle trajectories in Figure 4 show the smooth separation of the initial near-collision pairs with the correct relative

order or circular convention maintained. The cost/error ledger in Figure 5 plots the right-hand-side evaluation counts against

the final root errors, confirming that the use of fewer drift evaluations does not come at the expense of increased root error.

Thus, together, the trajectory and cost plot in Figures 4 and 5 demonstrate the relation between the qualitative and

quantitative results. The roots separate smoothly according to the geometry provided by the model, and the cost plot

demonstrates that the separation can be achieved without incurring the total cost of repeated drift evaluations.

The Hermite result is the clearest demonstration of desingularization. The direct integrator must initially resolve the

separation of the near-collision pair at −0.6000 and −0.5995, since the singularity of the denominator causes the drift to be

very large in this region. The coefficient equation, on the other hand, simply transports the coefficients in accordance with

the triangular recurrence (18). Thus, in this example, it requires only 50 right-hand-side evaluations compared with the

direct ODE integrator which requires 1190 right-hand-side evaluations. At T = 0.35, the recovered configuration is

(−2.88614035,−1.45135722,−0.47845925, 0.53722746, 1.69364357, 3.38558580). (30)

The separation between the third and fourth particles is now large enough that it no longer has a small separation. The

solution has thus been transported off the near collision boundary, and the coefficient flow achieves this transportation

without ever evaluating a singular reciprocal.

The Laguerre result is the most dramatic illustration of the benefit of using the squared variable. Direct evaluation in

terms of z while the configuration is near zero would lead to polynomials with symmetrical root pairs and poor conditioning.

However, in terms of y = x2, the coefficient equation (21) becomes one-step triangular, containing only the term m+ ν in

the boundary parameter ν. The recovered positive configuration is

(0.64680167, 1.24699982, 1.87496073, 2.55473858, 3.32824333, 4.28717256). (31)

In this case, the near-boundary pair has been separated from an initial position of 0.1000 and 0.1004 to a separated interior

pair with a final minimum separation of 0.6001981443. The direct solver required 1406 right-hand-side evaluations, whereas

RCPI required 230. The evaluation ratio of 6.11 is smaller than that for the Hermite example, but this is due to the faster

growth of the coefficients in (21) and the additional nonlinear step of root recovery in terms of squared variables, but the

reduction is still significant.

The compact Jacobi experiment is more difficult because the coefficient equation is a band matrix equation with

potential and endpoint effects. This system features a near-collision pair, along with particles near −1 and 1. The recovered

configuration is

(−0.74185867,−0.43133826,−0.07007588, 0.29690277, 0.62303130, 0.86679122). (32)
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The final coefficients are kept within the small alcove, and the minimum distance is 0.2437599247. It is lesser compared to

the previous experiment because of the compactness of the interval and attraction to the stationary distribution of Jacobi

zeros. The direct solver needs 1454 evaluations of right-hand side vectors, while RCPI needs 482. The ratio of evaluations is

3.02, which is quite good but at the same time means that Jacobi coefficients are not as sparse as Hermite and Laguerre

coefficients.

Figure 4: Recovered root trajectories.

The torus test case demonstrates that the polynomial parameterization in w coordinates is superior to the angular

parameterization in terms of computational efficiency. The angular integration in the former case needs to account for the

singularity of the cotangent due to the initial angular separation of 10−3. The flow of coefficients (25), on the other hand, is

diagonal. For T = 0.35, the recovered angular structure is

(0.64483363, 1.64075641, 2.71538513, 3.89577906, 5.00138576, 5.97604530). (33)

The final minimum separation distance using the circular method is 0.9519736399. It is fairly close to the equal-spacing scale

2π/6 ≈ 1.0472, which was expected due to the torus convergence theorem. For this particular algorithm, 206 evaluations on
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the right-hand side are needed, while in case of direct integration 1466 evaluations would have been required. The evolution

of the diagonal coefficients is not found analytically, since this would break the equality between adaptive-solver methods.

Using the exponential form (25) would make the calculation almost costless.

Figure 5: Cost and final root error.

The final states of Table 4 constitute the numerical data set to be subsequently interpreted. The self-similar Hermite

and Laguerre final states exhibit an outward expansion, the Jacobi final state exhibits a confinement, and the torus final

states are nearly regularized in circular spacing.

Table 4: Final recovered particle states.

Model Final recovered configuration

Hermite (−2.88614035,−1.45135722,−0.47845925, 0.53722746, 1.69364357, 3.38558580)

Laguerre (0.64680167, 1.24699982, 1.87496073, 2.55473858, 3.32824333, 4.28717256)

Compact Jacobi (−0.74185867,−0.43133826,−0.07007588, 0.29690277, 0.62303130, 0.86679122)

Torus angles (0.64483363, 1.64075641, 2.71538513, 3.89577906, 5.00138576, 5.97604530)

The values of the closure residuals are presented in Table 5. The Hermite residual is exactly zero for the final state,

as both the triangular recurrence and the operator evaluation involve the same floating point expression with respect to

the final coefficient vector. The values for the Laguerre, compact Jacobi, and torus residuals lie between 5.70× 10−15 and

4.44× 10−13. This verifies that the coefficient vectors continue to reside on the finite dimensional manifold corresponding to

the operator equation. The compact Jacobi residual has the largest value due to the presence of second derivative, parameter

dependent first derivative, multiplication by z and potential term in the operator; however, it is well within the bounds of

not affecting the root computation accuracy.

Table 5: Closure residuals at final time.

Model RM (T )

Hermite 0

Laguerre 2.36× 10−14

Compact Jacobi 4.44× 10−13

Torus 5.70× 10−15

Residuals presented in Table 5 confirm that the coefficient vector after transport does indeed meet the required polynomial

equation. This verification process is independent of the solution of the roots using the direct solver and is mandatory since
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only root accuracy will not be able to catch all errors at the operator level.

For residuals, the log plot presented in Figure 6 visualizes these residuals. Along with this computation of residuals, the

validation plot shown in Figure 7 shows comparison of equation-related values; i.e., radial expansion for Hermite-Laguerre

case, interval margin for the compact Jacobi case, and circular gap for the torus case.

Figure 6: Operator closure residuals.

Figure 7: Invariant and confinement checks.

The diagnostics in Figures 6 and 7 examine two separate elements of the computation. The closure residual examines the

validity of the coefficient equation, whereas the invariant and confinement diagnostics check the roots found in the particle

geometry.

Numerical values validate the qualitative properties derived from the equation. The Hermite and Laguerre configurations

expand outward according to the norm relations (3) and (6), respectively. The Jacobi configuration is confined to [−1, 1] and

approaches a stationary pattern related to the zeros of the Jacobi polynomials. The torus configuration expands towards

equal angular spacings while preserving the angular barycenter in the chamber convention. These geometric properties are

essential since a coefficient approach might find roots with small local errors but wrong ordering or branch choice. No such

error was found during computations.

Values in Table 3 demonstrate that the greatest gain is made when the vector field has a strong reciprocal singularity,

but the coefficient equation is relatively sparse. The Hermite case begins with a pair of particles −0.6000 and −0.5995,

which means that the vector field has a singular term of order 2.0× 103. The corresponding coefficient equation (18) does

not have any singular terms; the largest multipliers for N = 6 in this equation are defined by (m+ 2)(m+ 1)/2 and remain

fixed integers. It is a reason for the evaluation ratio of 23.80 without any hidden fitting parameter. The final configuration

of Hermite particles preserves the ordering and expands outward according to (3); the minimum separation between the

particles becomes 0.9728979702.

The Laguerre case highlights a separate difficulty of the computations. The initial particles 0.1000 and 0.1004 lie close to
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the reflecting boundary, so both ν/xi and (xi−xj)
−1, (xi+xj)

−1 contribute to the vector field. By squaring the coordinates,

we eliminate the ambiguous signed pair and obtain the coefficient equation (21). With ν = 1.75, the multipliers become

−2(m+1)(m+1.75), m = 0, . . . , 5. In contrast to Hermite case, the stiffness depends only on the polynomial degree and not

on the minimal separation between particles. The final configuration stays positive and demonstrates a smooth increase in

the particle separation from the lower boundary up to the upper particles. This property is in agreement with the Bessel-like

repulsion from zero and with the self-similar solution of the Laguerre equation determined by L
(ν−1)
N .

The compact Jacobi case demonstrates the lowest evaluation ratio, but it is the most structurally complicated of all

bounded cases. Parameters p = 9.0 and q = 7.5 provide endpoint repulsion and nonsymmetric drift on [−1, 1]. The

final configuration lies inside the alcove and shows no artificial boundary overspill. The minimal separation in this case,

0.2437599247, is smaller than those of Hermite and Laguerre cases, because the length of the interval is fixed and the final

configuration is a Jacobi-zero pattern, not an expanding self-similar one. The coefficients in (23) include the constants

A = 1.5, B = 2(5)− 16.5 = −6.5, and C = 6(16.5− 6 + 1) = 69.0; it means that the potential part of the operator is quite

essential. The small closure residual in Table 5 confirms the presence of the term in question in the equation.

Finally, the torus case provides the clearest geometric validation. The angular initial configuration starts with the circular

separation of 10−3 between the first two coordinates. By transforming the configuration to wj = eixj , we obtain a diagonal

coefficient equation (25). Thus, the final angular configuration is obtained by calculating arguments of the roots. The final

circular separation is quite close to the regular polygon one 2π/6, while the angular barycenter remains preserved under the

chamber convention. This result is essential since the torus roots can be computed precisely as complex numbers, but the

angular ordering may be wrong. The present computation solves this problem: the roots remain precisely on the unit circle,

and the circular matching yields an error of 1.42× 10−14.

7. Model-specific interpretation

It is seen from the results that the coefficient-space evolution naturally corresponds to the inverse heat identities of the

frozen Calogero–Moser–Sutherland systems. In the particle representation, the drift term is singular since the equations

trace the zeros directly. In the polynomial representation, the singularity arises in the form of a removable residue at the

zeros of the polynomial. After the cancellation of this residue, the dynamics of the other coefficients becomes linear. That is

why RCPI can efficiently integrate the near-collision starting conditions without resolving the singular repulsion layer via

many adaptive time steps.

The most efficient computation of the near-collision start is provided by the Hermite model. It is in agreement with the

structure of the corresponding inverse heat equation. The Hermite coefficient dynamics form a triangular matrix with a

step size of two in terms of degree. Hence, high-degree coefficients influence the low-degree ones but not vice versa. The

highest-degree and the second-highest-degree coefficients do not change. Such properties make the coefficient system smooth,

sparse, and weakly coupled. In contrast, the direct particle integration deals with a situation where the small denominator

in the initial near-collision pair leads to a large drift and the necessity of many small steps. Therefore, the evaluation ratio

of 23.80 indeed reflects a real desingularization rather than a technical benefit of the method.

The Laguerre case provides another kind of verification of the approach. It is a special one in that there is a singularity

not only between the pairs but also due to the factor ν/xi that becomes large near zero. Squared variable polynomials Q(t, y)

absorb this boundary singularity in a linear first-order coefficient equation. This is consistent with the correspondence of the

Laguerre polynomial zeros and the squared Bessel-type variables. On the other hand, it is important from the computational

point of view since it does not allow treating the root at the reflecting boundary as a usual line root. It is seen from the

final configuration that there is a robust separation both from zero and from the particle that initially was close to it. The

evaluation ratio is lower than in the Hermite case but is still sufficiently large.

The compact Jacobi case demonstrates the importance of endpoint geometry. There is the factor 1− xixj that combines

the pairwise repulsion and the compact interval geometry. In the trigonometric variables xi = cos τi, one can analyze

convergence using the gradient structure, but the polynomial equation remains algebraic in z. Coefficient operator includes

the potential term −N(p+ q −N + 1)P needed to ensure the preservation of polynomial degree. The potential term is not

an artificial correction in the numerical sense but the one which makes the polynomial subspace finite dimensional. It is seen

from the experiment that the banded coefficient system performs better than the direct integration but is not as efficient as

the triangular Hermite and Laguerre flows. This order is expected since the increased algebraic coupling in the coefficient

space decreases but does not eliminate the benefit of desingularization.

The interval plot in Figure 8 displays these constants along with the final root pattern. Since the endpoint asymmetry,

the inward coefficient drift, and the potential term enter the compact Jacobi equation explicitly, the bounded interval

computation is not a trivial Hermite-like problem.
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Figure 8: Compact Jacobi coefficient constants.

The torus case is conceptually different from others since the particle positions are angular, and the direct equation

includes the singular cotangent interaction term. Transformation wj = exp(ixj) removes the trigonometric singularity and

turns the polynomial coefficient dynamics into a diagonal matrix. Final angles are close to equally spaced ones, which is

expected due to the known convergence of the torus particles to a regular circular arrangement. The direct solver needs the

largest number of evaluations in comparison with other direct computations due to the very small initial angular separation

and the steepness of the cotangent term. The coefficient-based technique completely avoids this singularity. Therefore, the

torus result demonstrates that RCPI can be particularly useful for the circular ensembles and CMS systems in the complex

variables representation.

The circular version of the same test is shown in Figure 9. Unit-circle roots illustrate the angular geometry explicitly,

while the lower coefficient strip represents the diagonal factors driving the torus coefficient dynamics.

Figure 9: Torus roots and diagonal coefficient decay.

The determinantal identities provide another interpretation of the method beyond the deterministic ODE integration.

Their Brownian-motion and martingale components utilize the standard continuous-process setting [31]. For the Hermite

case, let us consider that (X̃t,k)t≥0 is the renormalized type-A Bessel process and (Bt)t≥0 is an independent one-dimensional

Brownian motion. Then the polynomial identity gives

E

[
N∏
i=1

(
Bt + y − X̃i

t,k

)]
=

N∏
i=1

(y − xi). (34)

In the Laguerre case, with a one-dimensional Bessel process Yt of the appropriate index, the corresponding identity is

E

[
N∏
i=1

(
Y 2
t − (X̃i

t,ν,β)
2
)]

=

N∏
i=1

(y2 − x2
i ). (35)
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For the compact Jacobi case, the same logic yields the exponential factor

E

[
N∏
i=1

(
Yt,p+N−1,q+N−1 − X̃i

t,κ,p,q

)]
= e−N(p+q−N+1)t

N∏
i=1

(y − xi). (36)

From these identities, one sees that coefficient evolution agrees with the martingale structures of the stochastic processes.

Thus the method can be applied not only to integrate frozen deterministic equations, but also to evaluate polynomial

observables which are stable under high inverse-temperature scaling.

The determinant products in Figure 10 are written at the polynomial level. The same coefficient vector determines both

the recovered roots and the polynomial observables entering the expectation identities.

Figure 10: Polynomial observables in expectation identities.

Another implication of this technique is parameter continuation. Particle-wise, varying the parameters ν, p, and q leads

to the change of the singular drift and may introduce stiffness in the neighbourhood of the boundary. Coordinate-wise, the

parameters enter as operator coefficients in a linear operator. Therefore, it becomes quite easy to follow the motion of the

roots with varying parameters. For example, in the compact Jacobi model increasing p relative to q shifts the stationary

Jacobi-zero configuration by the weights (1− x)q−N (1 + x)p−N . The coefficient semigroup can be recalculated for different

parameter values and root continuation can be done after the stable coefficient evolution. This way seems promising for the

study of large parameter limits and free probability limits of symmetric polynomial statistics.

Moreover, the method allows us to understand why classical orthogonal polynomial zeros appear in frozen systems. In

the Hermite and Laguerre models, the self-similar coefficient solutions are heat and Bessel-heat polynomials, respectively.

In the compact Jacobi model, the stationary polynomial solutions are Jacobi polynomials with the parameters depending

on p and q. Those are not just equilibrium markers, but invariant or asymptotically selected polynomial states under the

finite-dimensional semigroup action. This interpretation fits well with Stieltjes’ electrostatic interpretation of orthogonal

polynomial zeros and with the modern interpretation of high inverse-temperature limits via random linear operators.

However, there are limitations. Polynomial coefficients are ill-conditioned for large N , especially in the case of clustering

or wide spread roots. A particle solver suffers from the singular drift near collisions; a coefficient solver suffers from the

root extraction and coefficient scaling. The best practical solver may therefore combine both techniques: use coefficient

transport through singular layers and switch to the particle coordinates once the minimal separation becomes large enough

or use particle coordinates for long periods of time and check the polynomial closure from time to time. One may also try to

use the orthogonal polynomial bases instead of monomials. Hermite, Laguerre, or Jacobi bases may reduce the coefficient

growth and ill-conditioning in high-degree tests.

The numerical experiments performed in this paper are deliberately small to make the comparison transparent. The larger

systems require root conditioning, balanced companion linearizations, and multiprecision arithmetic. The results should thus

be interpreted as a demonstration of the desingularization idea rather than a complete performance profile for all dimensions.

Nevertheless, the evaluation reduction achieved for N = 6 is already significant, and the method uses the algebraic structure

already inherent in the frozen equations. This makes the method mathematically sound and computationally efficient.

The non-compact Jacobi model was included in the operator formulation but excluded from the numerical comparison

since it requires different diagnostics from the compact models. Namely, there is no stationary zero configuration as in the

compact Jacobi case. A proper numerical study would involve the comparison of the coefficient transport to the direct

47



integration after rescaling by the natural exponential growth rate. One would also need to monitor the root ordering in the

unbounded chamber. That extension is conceptually simple but needs a separate discussion since the conditionality of the

large positive roots differs from the conditionality of roots in compact intervals.

The Hermite theory also connects the inverse heat equation with real zeros under the heat flow. The Lehmer-pair analysis

relates the zero spacing to the de Bruijn-Newman constant and the Riemann hypothesis [32]. Later, it was proven that the de

Bruijn-Newman constant is non-negative [33]. The recent works on the heat flow extend the perspective to Gaussian analytic

functions and random-polynomial setting [34]. The current method does not touch these infinite-dimensional problems.

Nevertheless, the method provides a finite-dimensional computational analogy: the real-rootedness is preserved along the

coefficient flow if the initial polynomial corresponds to an admissible ordered particle state. The method is therefore useful

for the numerical study of finite-dimensional approximations of real-zero heat-flow problems.

The comparison demonstrates also an organizing principle for the computational papers on singular interacting particles.

The direct solver may be used as a reference, but should not be the only representation of the problem. If a polynomial

closure is available, the manuscript should include the root equation, the polynomial equation, the finite-dimensional

coefficient system, and the validation quantity in the same mathematical normalization. This avoids the common mistake of

presenting the stochastic process, frozen ODE, and the numerical implementation in incompatible scalings. In the current

paper, the inverse temperature scaling is already absorbed into the frozen ODEs and the coefficient systems are obtained

from them without changing time units. This is the reason why the comparison can be interpreted consistently for the

Hermite, Laguerre, Jacobi, and torus models.

Also, it should be noted that the coefficient transport should not be presented as a black-box numerical acceleration. Its

advantage comes from the algebraic properties of the model. In the Hermite case the second derivative in the inverse heat

equation lowers the degree by two. In the Laguerre case the Bessel operator in the squared variable lowers the degree by

one. In the compact Jacobi case the second derivative, first derivative, multiplication by z, and potential term together

preserve the degree. In the torus case the Euler-type operator acts diagonally on monomials. All these observations not only

explain the order of computational difficulty, but also prove that the method is not automatically available for every singular

particle system. Indeed, a model without degree-preserving operator would need different basis, truncation argument, or

another analytic transform.

The significance of classical orthogonal polynomials also becomes evident from the experiments. Generalized classical

polynomials allow a direct algebraic transition to the Calogero-Sutherland model [35]. Jack symmetric functions provide

a similar combinatorial structure for multivariate polynomial systems [36]. Their large-variable asymptotics extend the

connection between symmetric polynomials and the limiting particle behaviour [37]. From the particle perspective, Hermite,

Laguerre, and Jacobi zeros are the special configurations which solve the equilibrium or self-similar balance equations. From

the semigroup perspective, they are the polynomial modes which are selected by the inverse operators. Both interpretations

are equivalent and emphasize different aspects of the problem. The particle interpretation is geometrical and electrostatic and

follows the Stieltjes tradition. The coefficient interpretation is operator-theoretical and computational. A good manuscript

on frozen Calogero-Moser-Sutherland dynamics should therefore keep both perspectives in mind since the analytical proofs

often rely on the former while the stable computation relies on the latter.

The computed values also hint how the method could be scaled in practice. For moderate N , coefficient transport followed

by the root extraction becomes attractive because of the small size of the linear system and manageable root problem.

For large N , the direct root extraction from the monomial coefficients could become the bottleneck. This means that the

coefficient representation should be used together with numerically stable polynomial bases or companion linearizations.

Orthogonal bases appropriate for the model such as Hermite, Laguerre, or Jacobi bases may reduce the coefficient growth

and ill-conditioning. In the torus case, the Fourier or elementary symmetric representations may be more stable than the

monomials. These are just the implementation refinements which preserve the key idea of desingularizing the time evolution

before root extraction.

Finally, the determinant identities with respect to the inverse heat operators should be discussed in connection with the

method. In the Hermite model, the Brownian motion evaluated inside the polynomial generated by the frozen roots is a

time-independent process giving the expectation equal to the initial polynomial. In the Laguerre model, the corresponding

process is the one-dimensional Bessel process with the index ν + 1/(2β)− 1, and the identity involves Y 2
t − (X̃i

t,ν,β)
2. In

the compact and non-compact Jacobi models, the one-dimensional Jacobi process with shifted parameters p+N − 1 and

q+N − 1 and the potential factor exp{N(p+ q−N +1)t} are involved in the non-compact expectation. In the torus model,

the corresponding factor is the complex geometric Brownian expression used with the unit-circle polynomial. The coefficient

method preserves the same polynomial quantities because it advances exactly the polynomial whose elementary symmetric

coefficients are involved in the expectations. This is why the method is not just a root tracker but a polynomial operator

computation of the quantity entering the martingale and expectation formulas.
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The computations also show that the method separates time evolution from root recovery. The direct particle integration

unites these two tasks because the solver evaluates the singular drift at each step. Coefficient transport performs the time

evolution in a nonsingular finite-dimensional space and postpones the root recovery until output times. This separation is

beneficial if the trajectories are needed at a relatively small number of observation times. If a dense history of the trajectories

is needed, the root recovery can be done at each requested time or the recovered roots can be polished by the Newton

correction using the previous observation as the starting value. In this case, the polynomial residual (28) will provide a

direct verification that the recovered roots correspond to the solution of the correct inverse operator equation.

As for high-degree systems, the monomial basis should be chosen with care. The current six-particle calculations are

deliberately small enough that the monomial coefficients and root extraction remain reliable. For larger systems, the

coefficient growth will be strong, especially for Laguerre and Jacobi polynomials with large endpoint parameters. A stable

implementation will then require the scaled monomials, orthogonal polynomial bases, or companion linearizations respecting

the recurrence. These modifications will not change the mathematical content of the method: the Hermite operator will still

lower the degree by two, the Laguerre operator will still lower the degree in the squared variable by one, the Jacobi operator

will still preserve the degree combining second-order and first-order pieces with the potential term, and the torus operator

will still act diagonally on monomials. They will only improve the numerical conditioning.

The method is therefore most helpful when the singular layer is the dominant computational difficulty. It is less useful

when the particle coordinates are already well separated and only a small number of particles are involved since the direct

integration will be cheap while the root recovery may dominate the cost. Its strongest use cases are the boundary starts,

near-collision initialization, parameter continuation in ν, p, and q, and the computation of polynomial expectations. In these

cases, the explicit coefficient Eqs. (18), (21), (23), (24), and (25) give a reproducible recipe for transforming the frozen CMS

equations to the stable numerical states.

The coefficient equations also provide a transparent explanation of parameter dependence. In the Laguerre case, the

change of ν implies the change of the factors m+ ν in (21); therefore, the stronger repulsion from zero is immediately seen

in the lower-degree coefficients of Q(t, y). In the compact Jacobi case, the endpoint asymmetry enters as A = p− q, the

global inward drift as B = 2(N − 1)− (p+ q), and the potential term as C = N(p+ q −N + 1). For the numerical values

N = 6, p = 9.0, and q = 7.5, the constants are A = 1.5, B = −6.5, and C = 69.0. These values explain why the compact

Jacobi coefficient equation is not so sparse as the Hermite and Laguerre recurrences. Also, one sees that the endpoint effects

are not hidden behind any tuning parameter, but explicitly entered in the coefficient equation solved.

The non-compact Jacobi equation is included even though the comparison of numerical methods involves the compact

interval model. The inclusion is mathematically useful since it tests whether the coefficient representation is tied to the

compactness or the algebraic properties of the drift. Equation (24) shows that the same polynomial idea holds if 1− z2 is

replaced by z2 − 1 and the sign structure of the drift is reversed. This change of the drift makes the dynamics diverge from

the stationary vector of zeros on a bounded interval. This is precisely why the paper describes the non-compact case by the

operator equation and expectation identity and not by the same final-time comparison table. The coefficient relation stays

true but the qualitative interpretation changes.

The torus case provides a complementary lesson. In angular variables, the singularity is trigonometric and the drift

involves the cotangents. After the transformation wj = eixj , the polynomial coefficients evolve through the diagonal equation

(25). The coefficient am(t) is multiplied by exp{m(m−N)t} if the diagonal flow is evaluated exactly. This makes the torus

computation structurally different from the line and interval cases: the finite-dimensional operator does not couple adjacent

coefficients. The numerical comparison, however, uses the same adaptive procedure as the other tests to make the evaluation

counts comparable. The resulting factor of reduction 7.12 is therefore conservative compared to what an exact diagonal

update would achieve.

Finally, the coefficient method reveals the structure of the proof in the computation. The root equations involve the

residues at z = xi(t) or z = wi(t), while the polynomial equations only involve the derivatives of P or Q. The equivalence

proof is the precise cancellation of these residues. The numerical procedure mirrors the proof by never computing the

singular residues during time stepping. This is the main reason why the method stays stable at the boundary start since the

singularity is present in the root coordinates but is already cancelled in the polynomial coefficients. For the manuscript

presentation, this correspondence between the proof and the computation is crucial since it transforms the numerical

acceleration to a mathematically constrained algorithm.

The numerical tolerances used here also need an interpretation. The absolute tolerance 10−14 and relative tolerance

10−12 are stricter than the accuracy required to observe the qualitative separation of the particles. They were chosen because

the coefficient and particle calculations solve the same deterministic dynamics in different coordinates, so the discrepancy

should be limited by the floating-point arithmetic and root extraction. The resulting errors confirm this expectation: in

all four computed cases, E∞(T ) is at least two orders of magnitude smaller than the relative tolerance and never exceeds
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3.06× 10−14. Such a small difference would be impossible if some drift term, endpoint parameter, potential factor, or circular

matching convention was missed.

The tables also reveal the time scale. The choice T = 0.35 is long enough for the near-collision pair to separate in each

computed model, but not so long that every system reaches its limiting configuration. This is necessary for the comparison

of the methods. If T was very small, the direct integration would mostly reflect the singular start; if T was very large, the

self-similar expansion or the stationary attraction could dominate the numerical picture. At T = 0.35, the computations still

retain the model-specific features: the Hermite and Laguerre states expanded, the compact Jacobi state remained in the

interval with unequal endpoint distances, and the torus state moved considerably towards the equal angular spacing without

reaching it.

8. Conclusion

The Hermite, Laguerre, compact Jacobi, and torus computations verify the key statement of the paper at the specified

parameters. The near-collision frozen CMS trajectory can be evolved in the coefficient space, recovered as a root configuration,

and checked against the particle geometry without recomputation of the singular pairwise drift. At N = 6 and T = 0.35, the

four final root errors range from 5.11× 10−15 to 3.06× 10−14, the closure residuals are at roundoff level, the Hermite and

Laguerre squared-radius identities are satisfied, the compact Jacobi roots remain in [−1, 1], and the torus roots reach the

regular angular spacing.

The main conclusion is therefore that the singularity is a coordinate problem, not an unavoidable numerical feature of

the frozen dynamics. In the root coordinates, the near-collision start gives the large reciprocal or cotangent drift terms; in

the polynomial coordinates, the same terms are already cancelled as residues and the finite-dimensional coefficient system is

nonsingular. This explains the dependence of the evaluation reduction on the coefficient operator: the Hermite triangular

recurrence gives the largest gain, the Laguerre squared-variable recurrence gives a substantial gain, the compact Jacobi

banded operator gives a smaller but still noticeable gain, and the torus diagonal flow gives a geometry-specific gain which

would be even larger if it was evaluated by its exact exponential form.

The method is best considered as a certified polynomial computation, not just as a faster ODE solver. Its output includes

the final roots, closure residuals, invariant checks, and model-specific geometric validation. For larger particle numbers, the

same method should be combined with better-conditioned polynomial bases or structured root solvers, but the conclusion of

the current study is already evident: residue-cancelled polynomial integration provides the reliable near-collision route for

the frozen CMS systems whenever the inverse operator preserves the polynomial degree.
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